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INVARIANT EINSTEIN KROPINA METRICS ON LIE GROUPS AND
HOMOGENEOUS SPACES
M. HOSSEINI AND H. R. SALIMI MOGHADDAM
Abstract. In this article, we study Einstein Kropina metrics on Lie groups and homoge-
neous spaces. We give a simple way to build the Einstein Kropina metrics on Lie groups.
As an example of this method, we construct a family of non-Riemannian Einstein Kropina
metrics on the special orthogonal group SO(n). Then we classify all left invariant Einstein
Kropina metrics on simply connected 3-dimensional real Lie groups induced by left invariant
Riemannian metrics. Finally, we provide a way for constructing Einstein Kropina metrics on
homogeneous spaces. Using this way, we study invariant Einstein Kropina metrics on spheres.
Finally, we show that any projective space admits a non-Riemannian Einstein Kropina metric.
1. Introduction
The family of (α, β)-metrics is a special class of Finsler metrics. For a Riemannian metric a
and a 1-form β on a smooth manifold M , an (α, β)-metric is a function defined as F = αφ(β
α
),
where α(x, y) =
√
a(y, y) and φ : (−b0, b0) −→ R+ is a C∞ function. It is well known that F
is a Finsler metric if
(1.1) φ(s)− sφ′(s) + (b2 − s2)φ′′(s) > 0, |s| ≤ b < b0,
and ‖β‖α < b0 (see [3]).
Two important types of (α, β)-metrics happen when φ(s) = 1 + s and φ(s) = 1
s
. In these
cases we have F = α + β and F = α
2
β
which are called Randers metric and Kropina metric
respectively. Although the Randers metric is a regular Finsler metric but the Kropina metric
is singular. In this article we consider the Kropina metrics on the domain {(x, y) ∈ TM |β(y) >
0)} (see [8]).
Another description of Kropina metrics is the definition of these metrics as the solutions of
the navigation problem on some Riemannian manifold (M,h) under the influence of a vector
field W with ‖W‖h = 1. In this case the pair (h,W ) is called the navigation data of F . In
fact F = α
2
β
is a Kropina metric on a manifold M if and only if F = h
2
2W0
, where h2 = e2ρα2,
2W0 = e
2ρβ, e2ρb2 = 4 and b = ‖β‖h, for some functions ρ = ρ(x) on M (see [9]).
An interesting case of Finsler metrics appears when we consider a left invariant Finsler metric
on a Lie group G. This is the case that for any x ∈ G and y ∈ TxG we have
(1.2) F (x, y) = F (e, dl x−1y) for every x ∈ G, y ∈ TxG,
where lx denotes the left translation and e denotes the unit element of G.
A very useful way for denoting left invariant (α, β)-metrics, is the use of left invariant vector
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fields instead of 1-forms β, namely
(1.3) a(y,X(x)) = β(x, y),
where a is a left invariant Riemannian metric and X is a left invariant vector field on G such
that ‖X‖α = a(X,X) < b0. In this way, for a left invariant vector field X and a left invariant
Riemannian metric a, we can represent a left invariant Kropina metric as follows
(1.4) F (x, y) =
a(y, y)
a(X(x), y)
.
Suppose that (M,F ) is a n-dimensional Finsler manifold. Let σ be a scalar function on the
manifold M . If the Finsler metric F satisfies the equation
(1.5) RicF = σF
2,
then F is named an Einstein metric with Einstein scalar σ. If F satisfies the equation 1.5 with
a constant function σ = c then F is called Ricci constant. In particular case if σ = 0 then F
is named Ricci flat (see [3], [8] and [9]).
Throughout this paper we consider that G is an n-dimensional connected real Lie group such
that n ≥ 2.
2. Left invariant Einstein Kropina metrics on Lie groups
In this section we give some ways for constructing Einstein Kropina metrics on Lie groups.
Theorem 2.1. Let G be an n-dimensional Lie group equipped with an Einstein left invariant
Riemannian metric h with the Einstein scalar σ. Suppose that W is a right invariant vector
field on G such that ‖W‖h = 1. Then the corresponding Kropina metric to the navigation
data (h,W ) is an Einstein non-Riemannian Finsler metric with the same Einstein scalar σ.
Moreover if n ≥ 3 then the induced Kropina metric is Ricci constant.
Proof. Assume that F = α
2
β
is a non-Riemannian Kropina metric on a manifold M such that
dim(M) ≥ 2. Suppose that (h,W ) is the navigation data of F . In [9], it is shown that F
is an Einstein metric if and only if h is an Einstein metric and W is a Killing vector field of
the Riemannian manifold (M,h) such that ‖W‖h = 1. In this case, F and h have the same
Einstein scalar σ = σ(x). Also if dim(M) ≥ 3 then F is Ricci constant (see theorem 4.2 of [9]).
Now it is sufficient to mention that, for any left invariant metric, the right invariant vector
fields are Killing vector fields (see [7]). 
The above theorem yields the following useful corollaries.
Corollary 2.2. Assume that G is an n-dimensional Lie group with an Einstein left invariant
Riemannian metric h, and σ denotes it’s Einstein scalar. If the non-zero vector field W
commutes with all left invariant vector fields and ‖W‖h = 1 then the corresponding Kropina
metric to the navigation data (h,W ) is an Einstein non-Riemannian Finsler metric with the
same Einstein scalar σ and for n ≥ 3 the induced Kropina metric is Ricci constant.
Proof. It is well known that, on a connected Lie group G, if a vector field W commutes with
all left invariant vector fields then it is right invariant (for more details see theorem 7.50 of
[7]). Now it is sufficient to use the previous theorem. 
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Corollary 2.3. Suppose that G is an n-dimensional Lie group equipped with an Einstein
left invariant Riemannian metric h with the Einstein scalar σ. Assume that g denotes the Lie
algebra of left invariant vector fields of G andW ′ ∈ Z(g) is a non-zero left invariant vector field,
where Z(g) denotes the center of g. Then the corresponding Kropina metric to the navigation
data (h,W = W
′
‖W ′‖h
) is an Einstein non-Riemannian Finsler metric with the Einstein scalar
σ. In this case, if n ≥ 3 then the corresponding Kropina metric is Ricci constant.
The following theorem gives us a reach family of Einstein Kropina metrics.
Theorem 2.4. Let G be a compact semi-simple Lie group furnished with the bi-invariant Rie-
mannian metric h = −B where B denotes the Killing form of G. Suppose that W ′ is an arbi-
trary non-zero left invariant vector field (right invariant vector field). Then the corresponding
Kropina metric to the navigation data (h,W = W
′
‖W ′‖h
) is an Einstein non-Riemannian Finsler
metric with the Einstein scalar σ = 14 .
Proof. Clearly the Riemannian metric h = −B is an Einstein metric with the Einstein scalar
σ = 14 (see [1]). On the other hand, for a bi-invariant Riemannian metric on a Lie group, the
left invariant and the right invariant vector fields are Killing vector fields. So the vector field
W = W
′
‖W ′‖h
is a Killing vector field with ‖W‖h = 1. Now theorem 2.1 completes the proof. 
Remark 2.5. Suppose that h is an Einstein bi-invariant Riemannian metric on a Lie group G
with Einstein scalar σ andW ′ is an arbitrary non-zero left invariant vector field (right invariant
vector field). Then the corresponding Kropina metric to the navigation data (h,W = W
′
‖W ′‖h
)
is a non-Riemannian Einstein Kropina metric with the same Einstein scalar σ. Furthermore if
dimG ≥ 3 then the induced Kropina metric is Ricci constant.
Example 2.6. Let so(n) be the Lie algebra of the special orthogonal group SO(n), n ≥ 3. We
consider a basis for so(n), consisting of the n× n matrices Eij, (1 ≤ i < j ≤ n) that have 1 in
the (i, j) entry, −1 in (j, i) entry and 0 elswhere. It can be seen that the Killing form of SO(n)
is given by B(X,Y ) = (n− 2)trXY for X,Y ∈ so(n) (see [1]). Applying the previous theorem
to the Lie group G = SO(n) and W =
1√
2(n− 2)Eij , we obtain a non-Riemannian Einstein
Kropina metric on SO(n) with respect to the navigation data (h = −B,W ) as follows
F (Y ) =
−B(Y, Y )
−2B(W,Y ) =
√
2(n − 2) trY
2
2trY Eij
=
√
2(n− 2)
2(yji − yij)
∑n
i,j=1 yijyji,
which it’s Einstein scalar σ equals to 14 . Notice that in the above formula Y = (yij).
Now we classify all left invariant non-Riemannian Einstein Kropina metrics on simply con-
nected 3-dimensional real Lie groups induced by left invariant Riemannian metrics.
Lemma 2.7. Let F (x, y) = a(y,y)
a(X(x),y) be a Kropina metric defined by a left invariant Riemann-
ian metric a on a Lie group G. Then F is left invariant if and only if the vector field X is left
invariant.
Proof. If X is a left invariant vector field then clearly F is a left invariant Kropina metric.
Conversely suppose that F is a left invariant Kropina metric. Then for every g, h ∈ G and
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y ∈ ThG we have
a(y, y)
a(X(h), y)
= F (h, y)
= F (gh, dlgy)
=
a(dlgy, dlgy)
a(X(gh), dlgy)
.
The Riemannian metric a is left invariant so we have a(X(h), y) = a(dlg−1X(gh), y). The last
equation shows that the vector field X is left invariant.

Theorem 2.8. Suppose that G is a simply connected 3-dimensional real Lie group and g
denotes the Lie algebra of G. Let F be a left invariant non-Riemannian Kropina metric with
the navigation data (h,W ) on G, where h is left invariant. Then F is an Einstein metric if
and only if G, g and the navigation representation (h,W ) with respect to the base {x, y, z} of
g up to automorphism, be as follows:
(i) G = R3, [x, y] = 0, [x, z] = 0, [y, z] = 0, W = ax+ by + cz where a2 + b2 + c2 = 1,
(hij) =


1 0 0
0 1 0
0 0 1

,
(ii) G =The solvable Lie group E˜0(2), [x, y] = 0, [x, z] = y, [y, z] = −x, W = 1√
ν
z,
(hij) =


1 0 0
0 1 0
0 0 ν

, where 0 < ν,
(iii) G =The simple Lie group SU(2), [x, y] = z, [x, z] = −y, [y, z] = x, W = ax+ by + cz
where a2 + b2 + c2 = 1
λ
,
(hij) =


λ 0 0
0 λ 0
0 0 λ

.
Proof. In [9], it was shown that any Kropina metric F on a manifold M (dimM ≥ 2) with the
navigation data (h,W ) is an Einstein metric if and only if h is an Einstein metric and W is
a Killing vector field of (M,h) such that ‖W‖h = 1. Considering the classification of simply
connected 3-dimensional real Lie groups given in [4], the second author of this work showed
that among 15 cases there are no left invariant Einstein Riemannian metrics except the cases
1, 5, 7, 8 and 14 (see table 1 of [6]). Hence it is sufficient to find the cases which admit a left
invariant Killing vector field W among these 5 cases. It can be shown that a left invariant
vector field W is a Killing vector field if and only if adW +ad∗W = 0. We now observe that in
two cases 1 and 5 every left invariant vector field W is a Killing vector field. So for every left
invariant vector field W such that ‖W‖h = 1, we have a left invariant Einstein Kropina metric
with the navigation data (h,W ) where h is a left invariant Einstein Riemannian metric. Using
the explicit computation in case 7, G admits such left invariant vector field W if and only if
W =
1√
ν
z. We can see in the cases 8 and 14, G does not admit any left invariant Killing
vector field. 
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3. Einstein Kropina Metrics on Homogeneous Spaces
In this section we study invariant Einstein Kropina metrics on homogeneous spaces. Consider
a homogeneous space M = G/H with reductive decomposition g = h ⊕ m. Let To(G/H) be
the tangent space on M in the origin. The tangent space To(G/H) can be identified with m
through the following map
X 7−→ d
dt
(exp(tX) ·H) |t=0.
Note that for any X ∈ g we can define a vector field X∗ on G/H which is defined by the
following equation,
X∗gH =
d
dt
(exp(tX) · gH) |t=0.
The following result is a generalization of theorem 2.1. This theorem provides a way for con-
struction Einstein Kropina metrics on homogeneous spaces.
From now on, for a homogeneous Riemannian space G/H, we suppose that m is the or-
thogonal complement of h in g with respect to the inner product induced by the Riemannian
metric. Also a vector X ∈ m is called Ad(H)-invariant if for any h ∈ H, Ad(h)X = X.
Theorem 3.1. Let G/H be an n-dimensional homogeneous Riemannian space equipped with
the invariant Einstein Riemannian metric h, with the Einstein scalar σ. Assume that W ∗ is
a vector field on G/H generated by an Ad(H)-invariant vector W ∈ m such that ‖W ∗‖h = 1.
Then, the Kropina metric corresponded to the navigation data (h,W ∗) is a non-Riemannian
Einstein homogeneous Finsler metric with the same Einstein scalar σ. Moreover, if n ≥ 3 then
the corresponding Kropina metric is Ricci constant.
Proof. It is well-known thatW ∗ is a killing vector field on G/H (see [1]). So, a similar argument
as in the proof of theorem 2.1 completes the proof. 
Remark 3.2. In the previous theorem if the vector W is not Ad(H)-invariant then the Kropina
metric corresponded to the navigation data (h,W ∗) is a non-Riemannian Einstein Finsler
metric with the same Einstein scalar σ but it is not homogeneous.
Suppose that M = G/H is a compact homogeneous space with reductive decomposition
g = h⊕m. It was shown that all invariant Riemannian metrics on M can described as follows.
The adjoint action of H on m splits m as
(3.1) m = m0 ⊕m1 ⊕ ...⊕mr,
where H acts irreducibly on m1, · · · ,mr and the action on m0 is trivial. Assume that the
isotropy representations on m1, · · · ,mr are inequivalent and B is a bi-invariant Riemannian
metric on G. Then, any invariant Riemannian metric is of the form
(3.2) 〈, 〉 = a |m0 +
r∑
i=1
αiB |mi ,
where a is an arbitrary metric on m0 and αi > 0 (see[10]).
Based on the preceding results and using the above description of invariant Riemannian
metrics, W. Ziller has classified the homogeneous Einstein metrics on compact symmetric
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spaces of rank one (see [10]). Now we use the classifications given in [10] to describe some
Einstein Kropina metrics on the spheres and projective spaces.
Theorem 3.3. Suppose that F is a non-Riemannian Kropina metric with the navigation data
(h,W ) on a sphere Sn, where W is a Killing vector field of the Riemannian manifold (Sn,h)
such that ‖W‖h = 1 and h is invariant. Then F is an Einstein metric if and only if (Sn,h) is
one of the following cases
Sphere The Riemannian metric h
(1) Sn = SO(n+ 1)/SO(n) A unique invariant Riemannian metric,
up to scalar factor, which is
of constant curvature.
(2) S6 = G2/SU(3) ”
(3) S7 = Spin(7)/G2 ”
(4) S2n+1 = U(n+ 1)/U(n) U(n+ 1)-invariant Riemannian metrics
of constant curvature.
(5) S4n+3 = Sp(n+ 1)× Sp(1)/Sp(n)× Sp(1) Beside invariant Riemannian metrics
of constant curvature, the Einstein
metric described in [5].
(6) S15 = Spin(9)/Spin(7) The invariant Riemannian metric
described in [2].
Proof. It is sufficient to use 3.1 and the classification of invariant Einstein Riemannian metrics
on spheres given in [10]. 
Remark 3.4. We mention that the Riemannian metric which is considered in the case (6), is
the first example of an invariant Einstein metric on a compact homogeneous space which is
not naturally reductive.
Finally, we turn our attention to the projective spaces.
Theorem 3.5. All projective spaces, PnC = SU(n + 1)/S(U(1) × U(n)), PnH = Sp(n +
1)/Sp(n) × Sp(1), P 2Ca = F4/Spin(9) and P 2n+1C = Sp(n + 1)/Sp(n) × U(1) admit a non-
Riemannian Einstein Kropina metric.
Proof. By [10], any projective space admits an invariant Einstein Riemannian metric. Now it
is sufficient to use remark 3.2. 
Remark 3.6. In the construction of Einstein Kropina metrics by using the previous theo-
rem, if the vector W is Ad(H)-invariant (where in each case H = S(U(1) × U(n)), Sp(n) ×
Sp(1), Spin(9) and Sp(n)× U(1)) then the induced Einstein Kropina metric is homogeneous.
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